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STEFANIA GABELLI AND GIAMPAOLO PICOZZA 

Abstract. We introduce and study the notion of ★-stability with re- 
spect to a semistar operation ★ defined on a domain R; in particular we 
consider the case where * is the w-operation. This notion allows us to 
generalize and improve several properties of stable domains and totally 
divisorial domains. 



Introduction 

Star operations, as the u-closure (or divisorial closure), the t-closure and 
the tD-closure are an essential tool in modern multiplicative ideal theory 
for characterizing and investigating several classes of integral domains. For 
example, in the last few decades a large amount of literature has appeared 
on Mori domains, that is domains satisfying the ascending chain condition 
on divisorial ideals, and Priifer v -multiplication domains, for short PvMDs, 
that is domains in which each finitely generated ideal is t-invertible (or w- 
invertible). The consideration that some important operations on ideals, 
like the integral closure, satisfy almost all the properties of star operations 
led A. Okabe and R. Matsuda to introduce in 1994 the more general and 
flexible notion of semistar operation |^. The class of semistar operations 
includes the classical star operations and often provides a more appropriate 
context for approaching several questions of multiplicative ideal theory, see 
for example El El El El ES] • In this paper, we introduce the notion 
of ^-stability with respect to a semistar operation 

Motivated by earlier work of H. Bass |11 an J. Lipman j26| on the num- 
ber of generators of an ideal, in 1974 J. Sally and W. Vasconcelos defined 
a Noetherian ring R to be stable if each nonzero ideal of R is projective 
over its endomorphism ring End/j(/) 36 . In a note of 1987, D.D. Ander- 
son, J. Huckaba and I. Papick considered the notion of stability for arbi- 
trary integral domains \2_. When / is a nonzero ideal of a domain R, then 
Endij(/) = {1:1); thus a domain R is stable if each nonzero ideal / of i? is 
invertible in the overring {1:1). Since 1998, stable domains have been thor- 
oughly investigated by B. Olberding in a series of papers 28 , 29 , 3Q1 1^021 ■ 

Given a semistar operation * on a domain R, we say that a nonzero ideal 
/ of i? is -k-stable if I* is ★-invertible in {I* : I*) and that R is -k-stable 
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if each nonzero ideal of R is ^-stable. (Here we denote by * the semistar 
operation induced by * on a fixed overring T of R.) This notion allows us 
to generalize and improve several properties of stable domains and totally 
divisorial domains. We also recover some results proven in |13( Section 2] 
for -k = w. 

Even though many results are stated for a general semistar operation, 
for technical reasons, the most interesting consequences are obtained for 
(semi)star operations spectral and of finite type. In this case, we show that 
:*r-stability implies that * is the w-operation on R; in particular, on stable 
domains the it;-operation is the identity. 

For a (semi)star operation spectral and of finite type, the main result of 
Section 1 is that a domain R is ^-stable if and only if R is :*r-locally stable 
and has ^-finite character, if and only if R is ^-locally stable and each *-ideal 
of R is ^-finite in its endomorphism ring. This implies that if a domain is 
locally stable, then stability is equivalent to the property that each nonzero 
ideal I is finitely generated in the overring (1:1). 

In Section 2 we study ^-stability of overrings and we show that, for semis- 
tar operations of finite type, the ^-integral closure of a ^-stable domain is a 
FvMD. 

In Section 3 we extend some properties of totally divisorial domains in 
the setting of semistar operations. For -k = w, we prove that each t-linked 
overring T of is i(;-divisorial if and only if all the endomorphism rings of 
if-ideals are w-divisorial, if and only if R is w-stable and if-divisorial. Under 
these conditions, w is the lo-operation on T. As a consequence, we get that 
R is totally divisorial if and only if all the overrings of type (I : /) are 
divisorial, if and only if each nonzero ideal / of i? is m-canonical in (1:1). 
The Mori case and the integrally closed case are of particular interest. 

Finally, in Section 4 we show that u;-stable lu-divisorial domains are v- 
coherent and use this fact to show that if-stable if-divisorial (respectively, 
totally divisorial) domains share several properties with generalized Krull 
(respectively, Dedekind) domains. As a matter of fact, in the integrally 
closed case each one of these properties becomes equivalent to R being a 
generalized Krull (respectively, Dedekind) domain; so that a w-stable w- 
divisorial (respectively, totally divisorial) domain can be viewed as a "non- 
integrally closed generalized Krull (respectively, Dedekind) domain". 

Throughout this paper R will be an integral domain with quotient field 
K , R ^ K . We denote by F{R) the set of nonzero fractional ideals of R, by 
F{R) the set of nonzero i?-submodules of K and by f{R) the set of nonzero 
finitely generated i?-submodule of K. Clearly f{R) C F{R) C F{R). 

A semistar operation on ii is a map ★ : F{R) F{R) such that, for each 
E,F £ F{R) and for each x £ K , x ^ 0, the following properties hold: 

(*i) (xE)* = xE*- 

(*2) E (ZF imphes E* (1 F*; 

(*3) E CE* and E""* := (E*)" = E" . 
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Recall that, for all E,F e F{R), we have: 

{EFy = (E^F)* = {EF*y = {E*F*y ; 
{E + Fy = {E* + F)* = {E + F*)* = {E* + F*)* ; 
{E : FY C {E* : F*) = {E* : F) = {E* : F)" ; 
{E n FY GE*nF* = {E* n F*)* , if ^ n F / (O) ; 

see for instance |15j . 

If *! and *2 are semistar operations on R, we say that ★! < *2 if E*'^ C 
E*^, for each E G F{R). This is equivalent to the condition that {E*'^)*^ = 
I^E*2yi = E*-^, for each E G F{R). 

The identity is a semistar operation, denoted by d. It follows from (★a) 
that d < -k, for each semistar operation 

A semistar operation ★ is called a semistar operation of finite type if, for 
each E G F(R), we have 

= |J{F* I F G /(i?) and F C 

If -k is any semistar operation, the semistar operation defined by 

E*f ■= \J{F* I F G /(fl) and F C E}, 

for each F G F{R), is a semistar operation of finite type and < 

A nonzero ideal / of i? is ★-finite if there exists a finitely generated J such 

that I* = J* = J*f. 

When R* = R, -k is called a (semi) star operation on i? and its restriction 

to the set of nonzero fractional ideals F{R) is a star operation, still denoted 

by 

As usual, we denote by v the (semi)star operation defined hy E^ := {R : 
{R : E)), for each E G F{R), and set t := Vf. As a star operation on R, v 
is called the divisorial closure. It is well known that -k < v and kf < t, for 
each (semi)star operation ★ jl5l Proposition 1.6]. 

We say that a nonzero ideal I of i? is a quasi-k -ideal ii I* Ci R = I. A 
quasi-k-prime (ideal) is a prime quasi-*-ideal and a quasi-k -maximal ideal 
is a quasi-*-ideal maximal in the set of all proper quasi-*-ideals. A quasi-*- 
maximal ideal is a prime ideal Lemma 4.20] and, when >r is a semistar 
operation of finite type, each quasi-*-ideal is contained in a quasi-*-maximal 
ideal 15,, Lemma 4.20]. The set of quasi-*/ -maximal ideals of R will be de- 
noted by *j -Max(i2). We say that R has -kf -finite character if each nonzero 
ideal of R is contained at most in a finite number of quasi-*/-maximal ideals 
of R. 

When * is a (semi)star operation, an ideal / is a quasi-*-ideal if and only 
if /* = /. In this case, like in the classical case of star operations, we say 
that / is a -k-ideal and, analogously, we call a quasi-*-prime ideal a -k-prime 
and a quasi-*-maximal ideal a -k-maximal ideal. A w-ideal of R is also called 
a divisorial ideal. 
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If * is a semistar operation on R, we denote by * the semistar operation 
defined by 

E*:= fl ERm= U {E:F), 
M&*f-MsLx{R) Fg/{_R),F*/=_R 

for each E £ F{R)- We have I*R&i = IRm, for each nonzero ideal / of 
R and each quasi-* j -maximal ideal M oi R [15| Lemma 4.1(2)]. Clearly 
i = *f. 

The semistar operation ★ is of finite type and spectral (a semistar opera- 
tion ★ is spectral if there exists A C Spec(i?) such that E* = f]{ERp \ P £ 
A}, for each E G F{R)). More precisely, * = * if and only if ★ is spectral 
and of finite type, if and only if is of finite type and {E n F)* = E* n F*, 
for E,F £ F{R) such that ^ n F / (0) HSl Corollary 3.9 and Proposition 
4.23]. 

Always we have ★ < < In addition, setting w := v, if * is a (semi)star 
operation, we have i < w. 

A nonzero ideal / of i? is -k-invertible if {I{R : I))* = R*. When -k = -kf, 
this is equivalent to the fact that I{R : /) is not contained in any quasi-*j- 
maximal ideal. Since quasi-* j -maximal ideals and quasi-*-maximal ideals 
coincide jl81 Corollary 3.5(2)], it follows that an ideal / is *j-invertible if 
and only if it is i-invertible. When * = -kj, a *-invertible ideal is ^-finite. 

If * is a semistar operation on R and T is an overring of R, the restriction 
of -k to the set of T-submodules of iiT is a semistar operation on T, here 
denoted by -k. When T* = T, ★ is a (semi)star operation on T 17, Proposi- 
tion 2.8]. Note that -k shares many properties with * (see for instance |341 
Proposition 3.1]); for example, if -k is of finite type then ★ is of finite type 
[T71 Proposition 2.8]. 

1. ^-STABLE DOMAINS 

Let R be an integral domain and * a semistar operation on R. Given a 
nonzero fractional ideal / of R, consider the overring T := (/* : /*) of R. 
It is easy to see that, T = T*; hence the restriction of -k to the set of the 
T-submodules of is a (semi)star operation on T, denoted by -k. 

We say that a nonzero fractional ideal / of ii is -k-stable if I* is *-invertible 
in (/* : /*) and that R itself is -k-stable if each nonzero (fractional) ideal of 
R is ^-stable. The notion of d-stable domain coincides with the notion of 
stable domain introduced in jSB] . 

A ★-invertible ideal / of i2 is ^-stable. In fact, since i?* C T* = T, if 
{I{R :I))* = R*, we have 

T = R*T C {{I{R : /))*T)* = {I{R : I)T)* C {F{T : F))* C T 

Thus {I*{T : /*))* = T. It follows that a domain with the property that 
each nonzero ideal is ^-invertible is ^-stable. For example any completely 
integrally closed domain, is f-stable. Recalling that if / is v-invertible, we 
have R = {P : P) = (P : P"), we see that a completely integrally closed 
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domain that is not a PwMD is t;-stable but not t-stable. Since on Krull 
domains t = v and any integrally closed stable domain is a Priifer domain 
|35| Proposition 2.1], any Krull domain that is not Dedekind is t-stable but 
not stable. 

Proposition 1.1. Let -k he a semistar operation on an integral domain R 
satisfying one of the following conditions: 

(1) {E n Fy = E*n F*, for each E,F G F{R) such that E n F / (0). 

(2) (i?:i?*)/(0). 

Then R is -k-stahle if and only if R* is -k-stable. 

Proof. If / is a nonzero ideal of R, then I* is an ideal of R*. Hence, if R* is 
^-stable, R is ★-stable, without any condition on 

Conversely, let R be ★-stable and let J be a nonzero ideal of R*. Assume 
that condition (1) holds and consider the ideal / := J f] R oi R. Then 
r = ( J n Ry = J* r\R* = J*, it follows that J is ★-stable. If (2) holds, 
then J is a fractional ideal of R. Hence it is ★-stable. □ 

Since we will be mostly interested in the case where ★ is a semistar op- 
eration spectral and of finite type, that is where ★ = ★, by the previous 
proposition often we will restrict ourselves to assume that R = R*, that is 
to consider (semi)star operations. 

Our first result is a generalization of [,V2\ Theorem 3.5(1)44>(2)]: 

Proposition 1.2. The following conditions are equivalent for an integral 
domain R and a semistar operation ★ on R: 

(i) R is -k-stahle. 

(ii) For each nonzero ideal I of R, I* is a divisorial ideal of (I* : I*) 
(that is, {Fy' = I*, where v' is the v-operation on (/* : F)). 

Proof, (i)^(ii) Since /* is ★-invertible in (/* : I*) we have /* = (/*)* = 
{Ff' i6j Lemma 2.1]. 

(ii)^(i) Let T := (/* : I*) and let J := (T : We have to show that 
{FJf = T* = T. 

First, we show that {J : J) = T. We have (J : J) = ((T : /*) : (T : F)) = 
{{T : (T : F)) : I*) = : I") = {F : /*) = T. 

Next step is to show that (T : I* J) = T. We have (T : FJ) = ((T : J) : 
F) = ((T : (T : : I*) = {{Ff : I*) = {F : F) = T. 

Now we prove that {(FJ)* : FJ) = T. It is clear that {{FJ)* : I* J) D 
T. Conversely, if x G {{FJ)* : FJ) then x{I*J) C {FJ)* C T. Hence, 
{{FJ)* : I* J) C {T : FJ) = T. 

Finally, since ((/V)* : (/V)*) = T, by hypothesis, {I* J)* = ((1*7)*)"'. 
Thus T = {T : T) = {T : {T : I* J)) = {I* J)"' = {FJ)*, and / is ★- 
invertible. □ 

If / is a nonzero ideal of R, we denote by v{I) the semistar operation 
defined on R hy E ^ {I : {I : E)), for each E G F{R). When (/:/)= R, 
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then v{I) is a (semi)star operation. The ideal / is cahed m-canonical if 
J"^^^ := (/:(/: J)) = J, for each nonzero fractional ideal J of R ESl . 

Lemma 1.3. Let R he an integral domain and let I he a nonzero ideal of 
R. Then: 

(1) I<i) = I. 

(2) If -k is a semistar operation on R such that I* = I, then -k < v{I). 

Proof. (1) This is an easy consequence of the fact that / is an ideal of (1:1); 
thus (/ : (I :_[)) = /. 

(2) Let E G F{R). Since / = /^ then (/ : E*) = {I : E). Hence {E*y^^^ = 
(/:(/: E*)) = (/:(/: E)) = E''^^^ and so * < v{I). □ 

Proposition 1.4. The following conditions are equivalent for an integral 
domain R and a (semi) star operation * on R: 

(i) R is -k-stable. 

(ii) v{I*) = v' , for each nonzero ideal I of R (where v{I*) is defined on 
(/* : /*) and v' is the v-operation of (/* : /*) ). 

(iii) If I, J are two nonzero ideals of R such that (/* : /*) = {J* : J*) then 
v{I*) = v{J*) (as (semi)star operations on (/* : /*) = (J* : J*)). 

Proof. (i)=^(ii) Since v{I*) is a (semi)star operation on (/* : /*) we have 
v{I*) < v'. Conversely, since by Proposition 11.21 7* is divisorial in (/* : I*), 
as a consequence of Lemma Il.3r 2). we have that v' < v{I*). 
(ii)^(i) We have {I*)"' = {I*y(^*^ = I* by Lemma.OriV So, is divisorial 
in (I* : /*) for each ideal I of R and R is ★-stable by Proposition 11.21 

(ii) =^(iii) It is straightforward since both v{I*) and v{J*) coincide with v' 
in {I* : P) = {J* : J*). 

(iii) ^(ii) Note that T := (/* : /*) is a fractional ideal of R, since I* is an 
ideal of R. So, there exists a nonzero integral ideal J of R and a nonzero 
element x £ R such that T = x^^J*. Clearly, T = {T : T) = {J* : J*). 
Thus, by hypothesis, v{I*) = v{J*). Moreover, it is easy to see that v{J*) = 
v{x~^J*) = v{T) = v', the v-operation of T. It follows that v{I*) = v'. □ 

Proposition 1.5. Let R be an integral domain and-k a (semi)star operation 
of finite type on R. If R is -k-stable, then each -k-maximal ideal of R is 
divisorial. In particular, ★-Max(i?) = t-Max(i?) = v-Max{R). 

Proof. Let M be a ★-maximal ideal of R and suppose that M is not divisorial. 
Then, M'" = R, otherwise M'" would be a ★-ideal containing M. Hence 
(M : M) = (i? : M) = R. It follows that M is ★-invertible in R and 
M* = {M{M : M)f = {M{R : M))* = R, a contradiction. The second 
statement follows easily. □ 

Corollary 1.6. Let R be an integral domain and ★ a (semi)star operation 
of finite type on R. If R is kc-stable then i = w. 

Remark 1.7. (1) It is possible to prove that, given two semistar operations 
★i < ^2 on i? either of finite type or with the property that (/ n J)** = 
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j*if]j*i ^ for any pair of nonzero ideals /, J of i? and i = 1,2 (for example, two 
spectral semistar operations), then *i-stability implies *2-stability. Thus, 
for example, a w-stable domain is t-stable. We have no examples of t-stable 
domains that are not w-stable. 

(2) In general it is not true that if * is a (semi)star operation of finite 
type and R is ^-stable then -k = t. However, we will show in Corollarv 12.41 
that this happens when R is ^-integrally closed. 

For an example, in (36t Example 5.4] it is proved that the 1-dimensional 
local domain A with maximal ideal 3-generated constructed in |14j is stable. 
It is clear that A is Noetherian. Hence d ^ t on A, because the maximal 
ideal is not 2-generated [SOI Lemma 3.5]. 

Lemma 1.8. Let R he an integral domain and -k a semistar operation on 
R. Let J he a nonzero ideal of R and assume that J* is -k-finite in (J* : J*). 
Then, for each prime ideal P of R: 

(1) {J* : J*)Rp = {J*Rp : J*Rp). 

(2) {{r : J*) ■ r)Rp = {{J* ■ r)Rp : J*Rp). 

Proof. (1) Let T := (J* : J*). Since J* is i-finite, there exist xi,X2, . . . , x„ G 
J*, such that J* = (xiT + X2T + ... + XnTf . Let H := xiR + X2R + ■■■ + 
XnR C J*, SO that {HTf = J*. Then, HRp C J*Rp and TRp = {,P : 
J*)Rp C {J*Rp : J*Rp) C (J*i?p : HRp) = (J* : {HTf)Rp = {J* : 
,p)Rp = TRp. Hence, {J'-Rp : J*Rp) = TRp = {J* : J*)Rp. 

(2) Since T* = T, we have (T : J*)i?p C {TRp : J*Rp) C {TRp : 
HRp) = {T : HT)Rp = {T : {HT)*)Rp = {T : J*)Rp. Hence, (T : 
.P)Rp = {TRp : J*Rp). □ 

The next result shows in particular that the study of ★-stable domains 
can be reduced to the local case. 

Theorem 1.9. Let R he an integral domain and ★ a (semi)star operation 
on R. If * = i, the following conditions are equivalent: 

(i) R is -k-stahle. 

(ii) R has -k- finite character and Rm is stable, for each M £ ★-Max(i?). 

(iii) J* is k-finite in (J* : J*), for each nonzero ideal J of R, and Rm is 
stahle, for each M G ★-Max(i?). 

Under these conditions, k = w. 

Proof. (i)=^(ii) First, we show that Rm is stable, for each M G ★-Max(i?). 
Let / be a nonzero ideal of Rm ■ There exists an ideal J of i? such that I = 
JRm = J*Rai- Since R is ★-stable, J* is ★-invertible in T := (J* : J*), that 
is, {J*{T : J*))* = {J{T : J))* = T (as usual, we denote by ★ the restriction 
of ★ to the set of the fractional ideals of T). In particular, J* is ★-finite in 
T. Hence, by Lemma EHt2), we have (/:/) = {JRm '■ JRm) = TRm = 
{J{T : J))*Rm = JRm{T : J)Rm = JRm{TRm ■ JRm) = I{{I : /) : /)• It 
follows that I is invertible in (/ : /) and so Rm is a stable domain. 
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To prove that R has finite character, we prove that a family of ^-maximal 
ideals that has nonempty intersection is a finite family. 

Let M be a ^-maximal ideal. Since Rm is stable, by |321 Lemma 3.1], 
MRm is principal in {MRm ■ MRm), that is, there exists x S MRm such 
that MRm = x{MRm : MRm) and so M'^Rm ^ xMRm ^ xRm C MRm- 
The ideal / := xRm H i? is a t- ideal (it is the contraction of a t- ideal of 
Rm), and so a *-ideal, since * < t. Moreover, IRm = xRm- Note that 
C / and so IRn = Rn for each ^-maximal ideal N ^ M. Since by 
Lemma EHtl) (I ■ I)Rn = {IRn ■ IRn) for each ^-maximal ideal A^, we 
have (/:/) = n{(/ : I)Rn\N £ ★-Max(fl)} = CiHIRn ■ IRn)\N £ 
*-Max(i?)} = CiURn ■■ Rn)\N £ ★-Max(ii),iV / M} n {xRm ■ xRm) = 
f]{{RN ■■ Rn)\N £ *-Max(i?)} = ni^^l^ e ★-Max(i?)} = R. It follows 
that, since R is ★-stable, / is ★-invertible in R. 

Now, let {Ma} be a collection of ★-maximal ideals such that Mq, ^ (0). 
For each M^ we have a ★-ideal la, constructed as above. If y € Ha ^<^' U 
0, then y2 g c f]^!^. Then, I := / (0). Let J = : 

/q-). Since for each a, la is a ★-invertible ★-ideal, we have la = la ^ Lemma 
2.1], and so {R : J) = f]^{R : {R : la)) = fla = I- Note that /„ ^ Mp if 
P ^ a and that, by LemmaEHt2), {R : Ia)RM = (-^M : laRhl)- Then, for 
each a, we have JRm^ = Y^pil^ ■ Ip)Rm^ = (Rmc, ■ IRm^,) + Hp^ai^M^ ■ 
Rmc) = {R-Ma '■ IRmo)- Similarly, for a ★-maximal N {Ma}, we have 
JRn = Rn. Hence (J^ : J*) C f]{JRM : JRm) = (K^M. : laRAiMi^ ■ 
laRnJ) n {r\{RN\N £ *-Max{R),N {Ma}}) = CiRm = R- It follows 
that J is ★-invertible in R and so ★-finite (and so, t-finite). Then, there exists 

Ia„Ia2,---, Ia„ SUch that J* = {{R : la,) + {R : la^) + ■ ■ ■ + {R ■ laj)"- 

Thus, I = (i? : J) = (i? : J*) = n n . . . n Iq„, and so the only M^'s 
containing / are Ma, , Ma2 , ■ ■ ■ , Ma„ ■ Since f]^ Ma ^ /, we conclude that 
{Ma} = {Ma, , Ma2 Ma„ } is a finite family. 

(ii)=^(iii) First we show that (J* : J*)Rm = [JRm '■ JRm), for each 
nonzero ideal J and for each ★-maximal ideal M of R. For this, it is enough 
to show that (JRm ■ JRm) ^ (J* ■ J*)Rm- Let x £ (JRm ■ JRm) 
and let Mi , M2 , ■ ■ ■ , Mn be the ★-maximal ideals such that xRMi 7^ RMi ■ 
Since RMi is stable, for each i = 1,2, ... ,n, there exists yi £ J such that 
JRMi = UiiJRMi ■ JRmJ IH2I Lemma 3.1]. Then, xyi £ xJRm ^ JRm 
and there exists di £ R \ M such that dixyi £ J. Setting d := did2 ■ ■ ■ dn, 
we have dxJRMi = dxyi{JRMi '■ JRMi) ^ J {J RMi ■ JRMi) ^ JRMi, 
for each i = 1,2, ... ,n. Moreover, if is a ★-maximal ideal such that 
N {Ml, M2, . . . , Mn}, then xRn = Rn- Thus, dxJRn = dJRN ^ JRn 
for each ★-maximal ideal N oi R and so, dxJ* = {dxJ)* = [^{dxJR^) C 
OJRn = J*- It follows that dx £ (J* : J*) and x £ (J* : J*)Rm, since 
d G i? \ M. Thus, (J* : J*)Rm = (JRm ■ JRm)- 

Now let T := (J* : J*). We prove that there exists a finitely generated 
ideal H (1 J oiR such that {HT)* = J*. Let A^i, A^2, • • • be the ★-maximal 
ideals containing J. Since R^i is stable, there exists xi £ J, such that 
J*RNi = "^-RAfi = Xi{JRNi '■ JRni) = XiTRj\f., for each i = 1,2, ... ,s [311 
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Lemma 3.1]. Let F := X1R+X2R+ ■ ■ . + XsR- Since FT C JT C J*, we have 
JRNi = XiTR^i ^ FTR^i ^ JRn-. It follows that JRNi = FTRm^ for each 
« = 1, 2, . . . , s. If F is not contained in any ^-maximal ideal distinct from 
Ni, N2, ■ ■ ■ , Ng, we have JRn = FTRi\j for each ^-maximal ideal N of R and 
so J* = (FT)*. Otherwise, let Ns+i, ■ ■ ■ be the ^-maximal ideals 

of R containing F and not containing J. If x G J \ (A^'^+i U Ns-\-2 U . . .U Nt) 
and H := F + xR, as before we get that JRn = HTR^ for each ★-maximal 
ideal of i? and so J* = (HT)*. 

(iii)^(i) We have to prove that / := (J((J* : J) : J))* = (J* : J*). By 
Lemma 01 we have I = CUiiJ" : J) : J)Rm = CiJRmUJRm ■ JRm) ■ 
JRm) = CliJRM ■■ JRm) = CliJ* ■ J*)Rm = (J* ■ J*T = (J* : J*) where 
the intersection varies over the set of all ^-maximal ideals of R. 

The fact that -k = w is a straightforward consequence of Corollarv ll.61 □ 

We state explicitly the previous theorem for * = u). A direct proof of 
(i)44>(ii) is given in |13l Theorem 2.2]. 

Corollary 1.10. The following conditions are equivalent for an integral 
domain R: 

(i) R is w-stable. 

(ii) R has t-finite character and Rm is stable, for each M £ t-Max{R). 

(iii) is w-finite in (J"' : J"'), for each nonzero ideal J of R, and Rm 
is stable, for each M £ t-Max(i?). 

For -k = d, we obtain the following result, where (i)<^4>(iii) is due to B. 
Olberding [HSl Theorem 3.3]. 

Corollary 1.11. The following conditions are equivalent for an integral 
domain R: 

(i) R is stable. 

(ii) R is w-stable and d = w. 

(iii) R has finite character and Rm is stable, for each maximal ideal M 
ofR. 

(iv) Each nonzero ideal J of R is finitely generated in (J : J) and Rm is 
stable for each maximal ideal M of R. 

In particular, a one- dimensional w-stable domain is stable. 

We recall that a domain R with the property that PlAfeAi -^Af / nAreA2 
for any two distinct subsets Ai and A2 of Max(ii) is called a 7^-domain. If R 
has the same property for Ai, A2 C t-Max(i?), we say that i? is a t^-domain 

m- 

Corollary 1.12. Let R be a w-stable integral domain. Then: 

(1) t-Spec(i?) is treed. 

(2) R satisfies the ascending chain condition on t-prime ideals. 

(3) R is a tf^-domain. 
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Proof. (1) follows from Theorem 11.91 and the fact that the spectrum of a 
local stable domain is linearly ordered |32| Theorem 4.11(ii)]. 

(2) follows from Theorem 11.91 and the fact that a local stable domain 
satisfies the ascending chain condition on prime ideals |32| Theorem 4.11(ii)]. 

(3) follows from |221 Corollary 1.3], because each ^-maximal ideal of R is 
divisorial by Lemma ll.5l □ 



2. OVERRINGS OF ^-STABLE DOMAINS 

B. Olberding proved that overrings of stable domains are stable ,32, The- 
orem 5.1]. This result was generalized by S. El Baghdadi, who showed that 
a t-linked overring T of a u;-stable domain is if'-stable, where w' denotes 
the if-operation on T (see |13t Theorem 2.10]). Recall that an overring T of 
an integral domain R is called t-linked over R if T"^ = T ^ . Each overring 
of R is t-linked precisely when d = w ^ Theorem 2.6]. El Baghdadi's proof 
works more in general for semistar operations spectral and of finite type. 

Theorem 2.1. Let R be a domain and -k a semistar operation on R such 
that -k = i. If R is -k-stahle, then each overring T of R is -k-stable. 

Proof. Since R QT implies R* Q T*, by Proposition 11.11 we can assume 
that R* = R and T* = T, that is, that * is a (semi)star operation on R and 
is a (semi)star operation on T. 

First we show that T is :*r-locally stable. Let M = M* be a i-maximal 
ideal of T. Then {M n Py C M* n R* = M n R. Hence M n R is a ^-prime 
ideal of R and Rmhr ^ Tm- Since each localization of -R at a ^-maximal 
ideal is stable (Theorem II. 9|) and overrings of stable domains are stable |32| 
Theorem 5.1], then Tm is stable. 

In order to apply Theorem 11.91 we have to prove that T has ^-finite 
character. Let be a ^-maximal ideal of R and let {Mq} be a family of 
^-maximal ideals of T, such that f]^ Ma / (0) and Ma Ci R C N. We want 
to show that {Ma} is a finite set. Let S := Tm^ 2 T. Since Rn C Tm^ 
for each a, we have that Rjsi C S. Hence S is stable as an overring of the 
stable domain R]y. Let Pa ■= MaTM^ ^5, for each a. The Pq,'s are pairwise 
incomparable, because Sp^ = Tm^ ■ Since f]^ Ma is nonempty, also Pa 
is nonempty. Let x S Cla^a- If the -Pa's are infinitely many, then x is 
contained in infinitely many maximal ideals of S, because Spec(S) is treed 
|32| Theorem 4.11(ii)]. This contradicts the finite character of S. It follows 
that the Pq's, and so the M^'s, are finitely many. It is easy to see that this 
implies the ^-finite character for T. □ 

Corollary 2.2. Let R be a w-stable domain and let T be a t-linked overring 
of R. Then w = w' is the w-operation on T and T is w' -stable. 

Proof. T is it)-stable by Theorem 12.11 Since th is a (semi)star operation on 
T (because T is t-linked over R) and w = w, ii follows from Corollarv 11.61 
that w = w = w'. □ 
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If * is a semistar operation on R, the -k-integral closure of R is the in- 
tegrahy closed overring of R defined by i?W — y{(F* : F*)\F £ f{R)} 
jl7j . Clearly i^W = R^*fh The iJ-integral closure R'^^^ of a domain is also 
called the pseudo-integral closure of R We say that R is -k-integrally 
closed if i?W = R. In this case, it is easy to see that * is necessarily a 
(semi)star operation on R jlH p. 50]. Denoting by R' the integral closure 
of R, we have R C R' <Z i^W. In addition, if ★ is a (semi)star operation and 
R := IJ{(-^'' • ^ ^ -^(^)} is the complete integral closure of i?, we have 
i?W c ijH c R. 

It is known that the integral closure of a stable domain is a Priifer domain 
[351 Proposition 2.1]. We now show that, when * is a semistar operation of 
finite type, the ^-integral closure of a ★-stable domain is a PuMD. Recall 
that an integrally closed domain is a Pi;MD if and only iiw = t | i24t Theorem 
3.5]. 

Theorem 2.3. Let R be an integral domain and -k a semistar operation on 
R. Assume that R is -k-stable. Then, denoting by t' and w' respectively the 
t-operation and the w-operation on 

(1) Each nonzero finitely generated ideal of R^*^ is -k-invertible. 

(2) If -k is of finite type, then iiW is a PvMD and -k = t' = w' . 

(3) If-k = i, then i?W is a w' -stable PvMD and = t' = w' . 

Proof. (1) Let / be a nonzero finitely generated ideal of R}*\ We have to 
prove that (I(i?W : I)Y = i?W. 

There exist x £ K and a finitely generated ideal J of R, such that / = 
xJi?W. Since R is ^-stable, J* is invertible in {J* : J*) C i?M. Thus i?W = 
(J* : J*)iiW = (J*((J* : J*) : J))*R^*^ C (Ji?W(i?W : Ji?M))* C i?W. It 
follows that (/(i?W : I))* = (Ji?W(i?W : JijW))* = r[*], 

(2) If ★ is of finite type, * is a (semi)star operation on iiW 17^ Proposi- 
tion 4.5(3)]. By (1) and Lemma 2.1] we have /* = /*' for each finitely 
generated ideal / of Hence, -k = t' and, again by (1), we conclude that 

is a PvMB. 

(3) follows from (2) and Theorem 12.11 □ 

Corollary 2.4. Let R be an integral domain and * a semistar operation of 
finite type on R. If R is -k-stable and -k-integrally closed, then R is a PvMD 
and -k = t = w. In particular, a t-stable pseudo-integrally closed domain is 
a PvMD. 

Corollary 2.5. Let R be an integral domain and * a (semi)star operation 
of finite type on R. If R is -k-stable and completely integrally closed, then R 
is a Krull domain and k = t = w. 

Proof. If R is ^-stable, then each t-maximal ideal of R is divisorial (Propo- 
sition ESI- Hence R, being completely integrally closed, is a Krull domain 
|19| Theorem 2.6]. Since R is ^-integrally closed (because R\*^ C i?), then 
-k = t = w (Corollary EIJ . □ 
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Corollary 2.6. Corollary 2.11] Let R be a w-stable domain. Then the 
w-integral closure i?'"'^ of R is a w' -stable PvMD and w = t' = w' (where t' 
and w' are respectively the t-operation and the w-operation on R^'^^ ) . 

Remark 2.7. The integral closure R' of a tf-stable domain is always in- 
stable by Theorem 12.11 However, R' is not necessarily t-linked over R |H1 
Section 4] and so we cannot use Corollary 12.21 to conclude that R' is w'- 
stable. (In fact, when w is not a (semi)star operation, we cannot compare 
w and w' .) 

We do not know whether, for -k of finite type, a ^-stable integrally closed 
domain is a PuMD. However, when i*r is a (semi)star operation on R such 
that * = then R is ★-integrally closed if and only if R is integrally closed 
im Lemma 4.13]. Hence, from Corollarv 12.41 we have: 

Corollary 2.8. Let R be a domain and -k a (semi)star operation on R such 
that -k = i. If R is -k-stable and integrally closed, then R is a PvMD and 
-k = t = w. In particular, a w-stable integrally closed domain is a PvMD. 

As a matter of fact, it is proved in ^ISj that a w-stable integrally closed 
domain is precisely a strongly discrete PvMD with t- finite character. Recall 
that a valuation domain V is called strongly discrete if PVp is a principal 
ideal for each prime ideal P of V. We say that a PuMD (respectively, a 
Priifer domain) R is strongly discrete if i?p is a strongly discrete valuation 
domain, for each P G t-Spec{R) (respectively, for each P E Spec(i?)). If 
R is a strongly discrete PvMD (respectively, a Priifer domain) and each 
proper t-ideal (respectively, each nonzero proper ideal) of R has only finitely 
many minimal primes, then R is called a generalized Krull domain |lUj 
(respectively a generalized Dedekind domain). 

The following characterization of tw-stable integrally closed domain is 
given in "13' Theorem 2.6]. For stable domains, an analogous result is due 
to B. Olberding 28, 30,. 

Theorem 2.9. The following conditions are equivalent for an integral do- 



main R: 




(i) 


R 


is integrally closed and w-stable; 


(ii) 


R 


is a w-stable PvMD; 


(iii) 


R 


is a strongly discrete PvMD with t-finite character; 


(iv) 


R 


is a generalized Krull domain with t-finite character; 


(v) 


R 


is a w-stable generalized Krull domain; 


(vi) 


R 


is a PvMD with t-finite character and each t-prime ideal of R is 




w- 


■stable; 


(vii) 


R 


is w-stable and each t-maximal ideal of R is t-invertible. 



3. ★-DiVISORIAL ★-STABLE DOMAINS 

Following we say that a nonempty family A of nonzero prime ideals 
of R is of finite character if each nonzero element of R belongs to at most 
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finitely many members of A and we say that A is independent if no two 
members of A contain a common nonzero prime ideal. We note that, for a 
(semi)star operation * of finite type, the family ★-Max(i?) is independent if 
and only if no two members of *-Max(i?) contain a common prime t-ideal, 
because a minimal prime of a principal ideal is a t-ideal. When the family of 
all maximal (resp. t-maximal) ideals of R is independent of finite character, 
R is called an h-local domain (resp. a weakly Matlis domain). 

A domain such that each ideal is divisorial (that is d = v) is called a 
divisorial domain and a domain whose overrings are all divisorial is called 
totally divisorial [3]. We say that a domain R is -k-divisorial if -k = v. 

Theorem 3.1. Let R be an integral domain and ★ a (semi) star operation 
on R. If * = i, the following conditions are equivalent: 

(i) R is -k-stable and -k-divisorial. 

(ii) The family :*r-Max(i?) is independent of finite character and Rm is 
totally divisorial, for each M £ *-Max(i?). 

(iii) Each averring T of R such that T* = T is -k-divisorial. 

(iv) {I* -.I*) is -k-divisorial, for each nonzero ideal I of R. 

(v) v(I*) = -k on {I* : I*), for each nonzero ideal I of R. 

Under these conditions, k = w on R and -k = w = vj' is the w-operation 
on each t-linked overring T of R. 

Proof. (i)=^>(ii) Since -k = i<w<t<v,iiRis ^-divisorial, it is also w- 
divisorial. Hence the family -k-Max(R) = t-M&x(R) is independent of finite 
character {12i, Theorem 1.5]. 

If M is a t-maximal ideal of i?, Rm is stable by Theorem 11.91 Hence, 
to show that Rm is totally divisorial, it is enough to show that Rm is 
divisorial [SOI Theorem 3.12]. Let / = JRm be a nonzero ideal of Rm, with 
J an ideal of R. Since t-Max(i?) is independent of finite character, we have 
r = [JRmT = J'"Rm, where v' is the u-operation on Rm |1i Corollary 
5.3]. Since J* = J'" , then P = J*Rm = JRm = I- Hence, Rm is divisorial. 

(ii)=^(iii) Let T be an overring of R such that T* = T. By applying ^ 
Corollary 5.2] for T = ★-Max(i?), if J is a nonzero ideal of T and M is a 
^-maximal ideal, we have {T : {T : J))Rm ^ {TRm '■ {T : J)Rm) = (TRm '■ 
{TRm '■ JRm)) = JRm, where the last equality holds because Rm is totally 
divisorial and TRm 7^ Rm- Thus, denoting by v' the u-operation of T, we 
have J'" Rm = JRm, for each ^-maximal ideal M of R. It follows that 
{J'" y = J*. Since ★ is a (semi)star operation on T, * < v' and = J* . 

(ih)^(iv) It is straightforward, since (/* : I*)* = {I* : I*). 

(iv) ^(v) Since v{I*) is a (semi)star operation on (/* : /*), we have 
v{I*) < v', the t)-operation of (/* : /*). Moreover, /* is a i-ideal, so 
by Lemma ESt2), -k < v{I*). Thus, since by hypothesis -k = v' , we have 
i = v{I*). 

(v) ^(i) R is clearly ^-divisorial, taking I = R. That R is ★-stable is a 
consequence of Lemma ll .4r iii) => (i) . In fact, if / and J are ideals of R such 
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that (/* : I*) = (J* : J*) it is clear that v{I*) = v{J*), since both coincide 
with -k. 

To finish, if R is ^-stable, we have ★ = u; by Theorem 11.91 and ib = w' is 
the tt;-operation on each t-hnked overring T of i? by Corollary 12.21 □ 

We state explicitly the theorem for -k = w. 

Corollary 3.2. The following conditions are equivalent for an integral do- 
main R: 

(i) R is w-stahle and w-divisorial. 

(ii) R is a weakly Matlis domain and Rm is totally divisorial, for each 
M G t-Max{R). 

(iii) Each t-linked overring T of R is w-divisorial. 

(iv) : I^) is w-divisorial, for each nonzero ideal I of R. 

(v) v{I^) = w on (I^ : I^), for each nonzero ideal I of R. 

Under these conditions, w = w' is the w-operation on each t-linked over- 
ring T of R. 

Since each t-linked overring of a t«-stable domain is w'-stable (Corollary 
1^ . we get: 

Corollary 3.3. Each t-linked overring of a w-stahle w-divisorial domain is 
a w' -stable w' -divisorial domain. 

We do not know if in general the condition that each t-linked overring T 
of R is w'-divisorial implies that R is Ti;-stable. However, we now show that 
this is true in the integrally closed case and in the Mori case. 

The following result follows from Corollary 13.21 and the fact that a val- 
uation domain V is totally divisorial if and only if it is strongly discrete 
Proposition 7.6]. (Compare it with Theorem 12.91 ) The equivalences 
(ii)<;=»(iii)4^(iv) are part of (121 Theorem 3.5]. (i)4^(ii) is [13 Corollary 2.8]. 

Corollary 3.4. The following conditions are equivalent for an integral do- 
main R: 

(i) R is an integrally closed w-stahle w-divisorial domain. 

(ii) R is integrally closed and each t-linked overring of R is w' -divisorial. 

(iii) R is a strongly discrete PvMD and a weakly Matlis domain. 

(iv) R is a w-divisorial generalized Krull domain. 

Corollary 3.5. Let R he an integral domain. The following are equivalent: 

(i) R is completely integrally closed and w-stahle. 

(ii) R is is completely integrally closed and w-divisorial. 

(iii) R is a Krull domain. 

Proof. (i)44>(iii) follows from Corollary 12.51 (ii)<^(iii) was proved in |12| 
Proposition 3.7]. □ 

Mori domains whose t-linked overrings are all u;'-divisorial were studied 
in |12j . A Mori domain is lo-divisorial if and only if Rm is a divisorial 
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Noetherian domain, necessarily one-dimensional, for each i-maximal ideal 
M [12\ Theorem 4.5 and Proposition 4.1]. 

Corollary 3.6. The following conditions are equivalent for an integral do- 
main R: 

(i) R is a Mori w-stable w-divisorial domain. 

(ii) R is a Mori domain and each t-linked overring is w' -divisorial. 

(iii) R is a Mori domain and Rm is totally divisorial, for each M £ 
t-Max{R). 

(iv) R has t- dimension one and each t-linked overring of R is w' -divisorial. 

(v) R has t-dimension one and is w-stable and w-divisorial. 

(vi) For each nonzero ideal I of R, there are a, b £ R such that I"^ = 
{aR + bR)"". 

Proof, (i)^(ii) and (v)^(iv) by Corollary IX^ i) ^ f iii) ■ 
(ii)4^(iii)<^=>(iv)44>(vi) are proved in |12l Theorem 4.11]. 
We show that (ii) and (iii) imply (i). In fact, by (ii) R is w-divisorial and 

so weakly Matlis, and by (iii) Rm is totally divisorial for each t-maximal M . 

So, we can conclude by applying Corollarv 13 . 2( 11) ^ f i) . In the same way, we 

get that (iii) and (iv) imply (v). □ 

For * = d we recover the following characterizations of totally divisorial 
domains: (i)44>(iii)44>(iv) are due to B. Olberding (HOI Theorem 3.12 and 
Corollary 3.13], (iv)<^(v)<^(vi) are due to G. Picozza ^33*^ Theorem 2.57]. 

Corollary 3.7. The following conditions are equivalent for an integral do- 
main R: 

(i) R is stable and divisorial. 

(ii) R is stable and w-divisorial. 

(iii) R is h-local and Rm is totally divisorial, for each maximal ideal M 
ofR. 

(iv) R is totally divisorial. 

(v) (/ : /) is divisorial for each nonzero ideal I of R. 

(vi) Each nonzero ideal I of R is m-canonical in [I : I). 

For ease of reference, we state Corollarv 13.71 in the integrally closed case 
[IHllSni and in the Noetherian case (see also |T2 Corollary 3.6 and Propo- 
sition 4.8]). 

Corollary 3.8. The following conditions are equivalent for an integral do- 
main R: 

(i) R is an integrally closed stable divisorial domain. 

(ii) R is an integrally closed totally divisorial domain. 

(iii) R is an h-local strongly discrete Priifer domain. 

(iv) R is a divisorial generalized Dedekind domain. 

Corollary 3.9. The following conditions are equivalent for an integral do- 
main R: 
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(i) R is a Noetherian stable divisorial domain. 

(ii) R is a Noetherian totally divisorial domain. 

(iii) R is a one- dimensional totally divisorial domain. 

(iv) R is 2- generated (that is, each ideal of R is generated by 2 elements). 

Remark 3.10. (1) It is easy to check that the overlings of R of the form 
(I : I), where / is a nonzero ideal of R, are precisely the overrings with 
nonzero conductor in R. But, if R is totally divisorial, it is not true in 
general that all the overrings of R have nonzero conductor (that is, totally 
divisorial domains are not always conducive). For example, any conducive 
totally divisorial Priifer domain is a strongly discrete valuation domain |341 
Theorem 4.7], while Corollary 13.81 shows that there exist plenty of non- 
quasilocal totally divisorial Priifer domains. 

(2) A Noetherian stable domain is always one-dimensional [361 Propo- 
sition 2.1]. We do not know if a Mori ri;-stable domain need to have t- 
dimension one. However, we can say that it has t-dimension at most equal 
to 2. In fact, by Corollary 11.101 a Mori domain R is w-stable if and only 
if Rm is stable for each t-maximal ideal M. In addition, it is known that 
if P is a nonzero nonmaximal prime ideal of a stable domain R, then Rp 
is a strongly discrete valuation domain |32| Theorem 4.11]. Since the Mori 
property localizes and a Mori valuation domain is a DVR, we see that a 
quasilocal stable Mori domain has dimension at most equal to 2. 

(3) Examples of Mori w-stable w-divisorial domains that are neither Noe- 
therian nor Krull can be constructed by means of pullbacks, as in [12^ . Ex- 
ample 4.13]. We do not know any example of a one-dimensional stable Mori 
domain that is not Noetherian. 

The next theorem shows that the study of tn-stable tn-divisorial domains 
can be reduced to the case where the domain R has t-dimension at least 
equal to two and has no t-invertible t-prime ideals. If A is a set of prime 
ideals of R, we set i?jr(A) := f]p^j^Rp. 

Theorem 3.11. Assume that R is a w-stable w- divisorial domain. Let Ai 
be the set of the t-invertible t-maximal ideals of R, A2 be the set of the 
height-one t-maximal ideals of R that are not t-invertible, A3 := t-Max(i?)\ 
{Ai U A2} and set Ri := Rr{k,), for i = 1,2, 3. (If Ai = $, set Ri := K.) 
Then: 

(1) // Ai / 0, i?i satisfies the equivalent conditions of Corollary \3.4\ 

(2) // A2 7^ 0, i?2 satisfies the equivalent conditions of Corollary V3.(A 
and has no t' -invertible t' -prime ideals (where t' is the t-operation 
on R2). 

(3) // A3 7^ 0, i?3 is a w-stable w-divisorial domain of t' -dimension 
strictly greater than one with no t' -invertible t' -prime ideals (where 
t' is the t-operation on R3). 

(4) R = RinR2nR3. 
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Proof. Let A be a nonempty set of t-maximal ideals of R and T := iijp(A)- 
Since i -Max(ii) has t-finite character, then t'-Max(r) = {PRpnT;P G A} 
HOI Proposition 1.17]. In addition, for M = PRpDT E t'-Max(r), we have 
Tm = Rp. Recahing that an ideal of a domain with t-finite character is t- 
invertible if and only if it is t-locally principal, we get that M is f'-invertible 
in T if and only if P is t-invertible in R. 

Since T is t- linked over R, T is w'-stable and iw'-divisorial (Corollarv l3.3|) . 
Hence (3) and (4) follow easily. 

(1) If P G Ai, then PRp is principal. Hence Rp is a stable quasi-local 
domain fTheorem ll.9|) with principal maximal ideal; whence it is a valuation 
domain [321 Lemma 4.5]. It follows that Ri is an integrally closed tu'-stable 
domain and then it satisfies the equivalent conditions of Corollarv 13.41 

(2) R2 has t'-dimension one and is lu'-stable and w'-divisorial. Hence 
R2 satisfies the equivalent conditions of Corollary 13.61 Since the t-maximal 
ideals in A2 are not t-invertible, then R2 has no t'-invertible prime ideals. □ 

Corollary 3.12. Let R he a totally divisorial domain. With the notation of 
the previous theorem: 

(1) If Ai 7^ 0, Ri satisfies the equivalent conditions of Corollaru \'^.Hl 

(2) If A2 7^ 0, i?2 satisfies the equivalent conditions of Corollaru \'S. fA and 
has no invertihle prime ideals. 

(3) i/ A3 7^ 0, i?3 is a totally divisorial domain of dimension strictly 
greater than one with no invertihle prime ideals. 

4. f-COHERENCE 

A domain is coherent if the intersection of any two finitely generated ideals 
is finitely generated. B. Olberding proved that a stable divisorial domain 
is coherent |3U1 Lemma 3.2], even though there are stable domains that are 
not coherent |^ Section 5]. 

We next show that w-stable w-divisorial domains are v-coherent. Recall 
that R is v-coherent if the intersection of any two u-finite ideals is u-finite; 
this is equivalent to say that the ideal {R : /) is v-finite for each nonzero 
finitely generated ideal / of R. The class of u-coherent domains properly 
includes PuMD's, Mori domains and coherent domains A divisorial 

v-coherent domain is coherent. 

The following lemma is probably known; for completeness we include the 
proof. 

Lemma 4.1. An integral domain R with t-finite character is v-coherent if 
and only if Rm is v-coherent, for each t-maximal ideal M of R. 

Proof. If i? is a a v-coherent domain, then each generalized ring of quotients 
of R is v-coherent |2f)| Proposition 3.1]. 

Conversely, let J be a finitely generated nonzero ideal oi R. If ^ R, 
there are just finitely many t-maximal ideals Mi, . . . , M„ containing J and, 
for each i = 1, . . . ,n, there is a finitely generated ideal Hi {R : J) such 
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that {R : J)Rm, = {Rm, ■ JRmJ = {HiRny = H^Rau (where v' is the 
u-operation on Rm)- 

Let H := Hi^ h-^n- If (iZ : J) 7^ H", let Ni, Nm be the t-maximal 

ideals of R different from the Mj's such that HRi^. 7^ Rj^. , j = 1, . . . ,m. If 
X £ R\{NiU-- -UNm}, by cheking t-locahy, we get {R : J) = {H+xRy. □ 

Theorem 4.2. A w-stable w-divisorial domain is v-coherent. 

Proof. By Corollary 21 and Lemma l4.H because totally divisorial domains 
are coherent [M)\ Lemma 3.2]. □ 

For d = w, the following proposition recovers |3H Lemma 4.1]. 

Proposition 4.3. A w-stable domain R is v-coherent if and only if each 
t-maximal ideal of R is v-finite. 

Proof. Assume that R is u-coherent and let M G t-Max{R). Since M is 
divisorial fLemma II. 5() . then M = xR Ci R = {R : R -\- x~^R), for some 
X G R. Thus M is u-finite. 

Conversely, if R is w-stable, R has t-finite character and Rm is stable, for 
each t-maximal ideal M of R (Theorem II. Thus, MRm is divisorial in 
Rm- In addition, if M = J'', for some finitely generated ideal J of R, then 
MRm = J^Rm = {JRmT is u'-finite (where v' is the u-operation on Rm)- 
Hence, by Lemma l4.H we may assume that R is stable quasilocal and that 
its maximal ideal M is divisorial u-finite. 

We have to show that {R : /) is u-finite for each nonzero finitely generated 
ideal / of R. If / is (t-)invertible, this is true. Thus we may assume that 
{R: I) = {M : I). Now, (/ : I){M : I) = {M : I) = {M : M){M : I) and, 
since R is stable quasilocal, there exist x,y G K such that / = x{I : I) and 
M = y{M : M) 32. Lemma 3.1]. Hence, setting a := xy, IM{M : I) = 
a{M : /) = a{R : I). On the other hand, we have also (R : I) = (3{{R : 
I) : {R: I)), for some f3 £ K. Thus we get a~^r = {R : IM{M : I)) = 
{R : IM{R : /)) = {{{R : I) : {R : I)) : M) = p-^iR : IM). It follows that 
{R: I) = a~^(3{IM)'" is v-finite. □ 

Remark 4.4. (1) A one-dimensional stable coherent domain is Noetherian, 
because its prime ideals are finitely generated. We do not know whether a 
one-dimensional stable t;-coherent domain must be Mori (or even Noether- 
ian). 

(2) Generalized rings of quotients of t;-coherent domains are u-coherent 
j2UI Proposition 3.1], but it is not known whether t-linked overrings of v- 
coherent domains are 't;-coherent. However, a t-linked overring of a tf-stable 
if-divisorial domain, being w' -stable and u^'-divisorial (Corollarv I3.3jl . is v- 
coherent. 

By using v-coherence, we can see that tf-stable w-divisorial domains (re- 
spectively, totally divisorial domains) share several properties with general- 
ized Krull domains (respectively, generalized Dedekind domains). In fact, 
since an integrally closed w-stable w-divisorial domain (respectively, totally 
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divisorial domains) R is a strongly discrete PuMD (respectively, Priifer do- 
main) (Theorem l2.9|) . in the integrally closed case each one of these proper- 
ties becomes equivalent to R being a generalized Krull domain (respectively, 
generalized Dedekind domain) (see |ilfl^ Theorems 3.5, 3.9 and Lemma 3.7] 
and |22l Corollary 2.15]). 

Recall that an overring T of i? is said to be t-flat over R if Tm = Rmhr, 
for each t-maximal ideal M of T [23 . Flatness implies i-flatness, but the 
converse is not true |25| Remark 2.12]. 

Corollary 4.5. Let R be a w-stable w-divisorial domain. Then: 

(1) Each t-prime ideal P of R is the radical of a v-finite divisorial ideal. 

(2) R satisfies the ascending chain condition on radical t-ideals. 

(3) Each proper t-ideal has only finitely many minimal (t-)primes. 

(4) For each A C f-Spec(i2), the overring i?jF(A) := HpgA-^^' ^ t-fiat 
tf^-domain. 

Proof. (1) Since R is u-coherent (Theorem 14. 2() . then Rp is f -coherent, w- 
stable fCorollarv 12. 2|) and divisorial fCorollarv l3.2|) . Hence PRp is f'-finite 
in i?.P (Proposition 14. 3|) and so PRp = [JRp)"" = J^Rp, for some finitely 
generated ideal J of R. Since t-Max(i?) is independent of finite character 
(Corollarv ll.in|) and t-Spec(i?) is treed (Corollarv ll.l2|) . the set of minimal 
primes of J" is finite. Set Min(J^) = {P = Pi,...,P„}. If n > 2, let 
X € P \ {P2U ■■■ U Pn) and I = (J + xR)" . Then P = VJ- 
(1) and (2) are equivalent by ^1 Lemma 3.7]. 

(3) follows from (1) by |1L)1 Lemma 3.8]. 

(4) Each localization of i? at a t-prime ideal is divisorial by Corollarv l3.2l . 
In addition, t -Spec{R) is treed and R satisfies the ascending chain condition 
on t-prime ideals by Corollary 11.121 Hence the overring T := Ryrf^j^^ is t- 
flat by |121 Corollary 2.12]. Since T is t-linked over R, T is w'-stable and 
tu'-divisorial (Corollarv 13. 3|) . Thus T is a t^^-domain by Corollarv ll.121 □ 

Corollary 4.6. Let R be a totally divisorial domain. Then: 

(1) Each prime ideal of R is the radical of a finitely generated ideal. 

(2) R satisfies the ascending chain condition on radical ideals. 

(3) Each proper ideal has only finitely many minimal primes. 

(4) For each set A of prime ideals, the overring Rj^(^a) •= ClpeA^P ^ 
flat ^-domain. 
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